CHAPTER IV.
OEDEES AND GENEEA; THBIE COMPOSITION.
Classes of binary quadratic forms are separated into orders and genera by means of the values of certain arithmetical invariants, called characters in the case of genera. If we compound any form of one order with any one of another order, we always obtain a form of a unique third order, so that we may speak of composition of orders. The same is true of genera. Gauss relied upon ternary Quadratic forms to prove the difficult point that exactly half of the notationally possible characters actually correspond to genera. More elementary proofs have been given by various writers. Forms transformable into each other by linear substitutions with rational coefficients are put into the same genus in the final papers of Pund and Speiser, as had been done for rc-ary forms by Eisenstein in 1852 (Ch. XI).
C. F. Gauss1 (Art. 226) wrote m for the g.c.d. of a, I, c and called the form (a,"b, c) primitive (ursprungliche) if m-=l, but if m>l spoke of it as being derived from the primitive form (a/mf "b/m, c/ra).
If any class of forms of determinant D contains a primitive form, all forms of the class are primitive, and the class is called primitive. If a form F of a class K of determinant D is derived from a primitive form / of a class & of determinant D/m?, then all forms of K are derived from forms of Jef so that E is said to be. derived from the primitive class fc.
A primitive form (a, I, c) is called properly (eigentlich) or improperly primitive, according as a, c are not both or are both even; in the respective cases, the g.c.d. of a, 2Z>, c is 1 or 2. The determinant of an improperly primitive form is s 1 (mod 4). Any class is called properly or improperly primitive according as one form (and hence all forms) of it is properly or improperly primitive.
According as the g.c.d. of a, 2&, c is m or 2m, (a, ft, c) is derived from the properly or improperly primitive form (a/m, l/m, c/ra). A class is derived either from a properly or improperly primitive class.
Two classes are said to belong to the same order (Ordnung) if and only if, when (a, 6, c) and (of, V, c') are representative forms of the two classes, not only a, Z>, c have the same g.c.d. as a', &', c', but also af 26, c have the same g.c.d. as a', 26', c'. Thus the properly primitive classes form one order and the improperly primitive classes another order.
If nz divides the determinant Z), the classes derived from the properly primitive classes of the determinant D/n2 form an order, and similarly for the improperly primitive classes. In case D has no square factor >1, there exist no derived orders, so that either the order of the properly primitive classes is the only order (when
1 Disquisitiones Arithmeticae, 1801; Werke, 1, 1863; German transl. by H. Maser, 1889.